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DESINGULARIZED MODULI SPACES OF SHEAVES ON A K3, II.
May 20 1998
Kieran G. O’Grady
0. Introduction.
This is a sequel to [O4]. In that paper we constructed a symplectic desingularization ofM4, the moduli
space of rank-two semistable torsion-free sheaves F on a K3 surface X with c1(F ) = 0 and c2(F ) = 4.
In this paper we will prove that our desingularization, denoted M˜4, is a new (ten-dimensional) irreducible
symplectic variety. Explicitely, we will show that M˜4 is one-connected and that h2,0(M˜4) = 1; this means
that M˜4 is an irreducible symplectic variety. Furthermore we will prove that b2(M˜4) ≥ 24. Since all known
ten-dimensional irreducible symplectic varieties have b2 = 7 or b2 = 23 [B,H], our results show that all
deformations of M˜4 are new irreducible symplectic varieties. The paper is organized as follows. In the first
(and longest) section we prove that M˜4 is connected and that h2,0(M˜4) = 1: we adapt to our situation Jun
Li’s strategy for determining the stable b1, b2 of moduli spaces of sheaves on a surface [Li2]. In the second
section we prove M˜4 is simply-connected: first we prove that if OX(1) has degree 2 (we can assume this by
a deformation argument), M˜4 is birational to a certain Jacobian fibration over |OX(2)|, then we show by
a monodromoy argument that the Jacobian fibration is simply-connected. In the third section we exhibit a
24-dimensional subspace of H2(M˜4;Q).
1. M˜4 is irreducible and h2,0(M˜4) = 1.
The proof goes as follows. First, by well-known arguments involving deformations of polarized K3’s [GH,O1
§2] we can assume the polarization has genus two, i.e. H2 = 2; this will be assumed throughout the paper.
We will also assume that X is a very general genus two K3, i.e. that Pic(X) = Z[H ]; thus H is c-generic
for any c [O4,(0.2)], so that by [O4, §2] there is a symplectic desingularization π˜:M˜4 →M4. We consider
the morphism φ:M4 → PN associated to a high power of the determinant line-bundle [LP1,Li1], and we
let φ˜:M˜4 → PN be the composition with the desingularization map π˜. We will show that φ˜ is semi-small,
hence we can apply the Lefschetz Hyperplane Section (LHS) Theorem [GM] as if φ˜ were an embedding. Let
C ∈ |H | be a smooth curve: following Jun Li we choose a particular linear subspace Λ ⊂ PN of codimension
at most 4, such that
(1.0.1) φ˜−1Λ = V˜C ∪ Σ˜C ∪ B˜C ,
where V˜C , Σ˜C , B˜C are closed subsets such that:
(1) V˜C \(Σ˜C ∪B˜C) consists of the points x such that π˜(x) parametrizes a locally-free sheaf whose restriction
to C is not semistable.
(2) Σ˜C = π˜
−1ΣC , where
ΣC := {[IZ ⊕ IW ]| Z or W intersects C}.
(3) x ∈ B˜C \ Σ˜C if and only if π˜(x) parametrizes a stable sheaf which is not locally-free at some point of C.
This is where the hypothesis that C has genus two is used: since the moduli space of rank-two semistable
vector-bundles on C with trivial determinant has dimension three, the intersection of four generic theta-
divisors is empty, and this gives Decomposition (1.0.1) for a Λ of codimension at most four. By the LHS
Theorem, the map induced by inclusion
Hq(M˜4;Z)→ H
q(φ˜−1Λ;Z)
is an isomorphism for q ≤ 5. Thus we are reduced to analyzing V˜C , Σ˜C , B˜C , and how they intersect. The
component V˜C will be described in terms of M(H, 3), the moduli space of semistable rank-two torsion-free
1
sheaves E on X with c1(E) = H , c2(E) = 3. In fact, if x ∈ V˜C is generic, and F is the sheaf parametrized by
π˜(x), let G be the elementary modification of F associated to the desemistabilizing sequence for F |C , and
let E := G(1); then E is a stable rank-two vector-bundle with c1(E) = H , c2(E) = 3, hence [E] ∈M(H, 3).
Conversely F can be reconstructed from E and the choice of a certain rank-one subsheaf of E|C . Equivalently,
V˜C is birational to a moduli space of parabolic sheaves F0 = F ⊃ F1 = G ⊃ F2 = F (−C). Building on our
knowledge of M(H, 3), we will show that V˜C is birational to Pic
1(C) ×M(H, 3)× P1. On the other hand
Σ˜C , B˜C are birational to P
1-fibrations over C × X × X(2) and C × X(3), respectively. We will also give
birational descriptions of components of the intersection between Σ˜C and V˜C , B˜C . At this point we will be
ready to prove the main results of the section. First, since
V˜C ∩ Σ˜C 6= ∅ 6= Σ˜C ∩ B˜C ,
we get b0(M˜4) = 1. Next, if V ′C , Σ
′
C , B
′
C are desingularizations of V˜C , Σ˜C , B˜C respectively, the pull-back
map
α: Γ(Ω2
M˜4
)→ Γ(Ω2V ′
C
)⊕ Γ(Ω2Σ′
C
)⊕ Γ(Ω2B′
C
)
is injective by the LHS Theorem. Of course the components of a point in Imα must satisfy some compatibily
conditions: these conditions will imply that Imα is one-dimensional, hence h2,0(M˜4) = 1.
Remark. The procedure outlined above should allow us to determine the Betti numbers of M˜4 up to b5
included. However, even the determination of b2 (which should be equal to 24) requires a much more detailed
analysis of V˜C ∪ Σ˜C ∪ B˜C ; the calculation of h2,0 is simpler because h2,0 is a birational invariant.
1.1. The determinant map φ.
Le Potier and Jun Li [LP1,Li1] have constructed a determinant line bundle L on M4 (in general on any
moduli space of semistable torsion-free sheaves on a surface). They proved that if m ≫ 0 then L⊗m is
base-point free [Li1, Thm.3] and that the determinant map
φm:M4 → P
(
H0(M4,L
⊗m)∗
)
can be identified with the map to the Uhlenbeck compactification [Li1 Thm.4,FM]. From now on we fix a
very large m and we set φ = φm. We will give an explicit description of φ. Let Mst4 ,M
lf
4 ⊂ M4 be the
(open) subsets parametrizing stable and locally-free sheaves, respectively. By Lemma (1.1.5) of [O4],
M4 \M
st
4 = Σ := {[IZ ⊕ IW ] | Z,W zero-dimensional subschemes of X with ℓ(Z) = ℓ(W ) = 2},
hence Mlf4 ⊂M
st
4 . In particular [Li1, Thm.4] the restriction of φ to M
lf is an isomorphism onto its image.
Let the boundary of M4 be B :=M4 \M
lf
4 , and set B
st := B ∩Mst4 .
(1.1.1) Proposition. Keeping notation as above, let [F ] ∈ Bst. Then F ∗∗ ∼= O
(2)
X .
Proof. Since F is not locally-free, c2(F
∗∗) < c2(F ) = 4. Thus Hirzebruch-Riemann-Roch gives χ(F
∗∗) > 0.
By Serre duality h2(F ∗∗) = h0(F ∗) = h0(F ∗∗), hence h0(F ∗∗) > 0. A non-zero section of F ∗∗ must have
isolated zeroes by slope-semistability, hence we have an exact sequence
0→ OX
α
→ F ∗∗ → IZ → 0,
where ℓ(Z) = c2(F
∗∗). If ℓ(Z) = 0 then F ∗∗ ∼= O
(2)
X , and we are done. By Cayley-Bacharach ℓ(Z) 6= 1. Now
assume ℓ(Z) ≥ 2: then we can find a subsheaf IW ⊂ OX , with ℓ(W ) = (4 − ℓ(Z)), such that α(IW ) ⊂ F ,
and this contradicts stability of F . q.e.d.
In order to describe φ on the boundary we introduce the singularity cycle of a point [F ] ∈ M4: we
assume that the representative F has been chosen so that it is isomorphic to the direct sum of the successive
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quotients of its Harder-Narasimhan filtration: this means that if F is strictly semistable, then F ∼= IZ ⊕ IW .
With this hypothesis we set
sing[F ] :=
∑
p∈X
ℓF (p),
where ℓF (p) is the length at p of the Artinian sheaf F
∗∗/F . It follows from Lemma (1.1.5) of [O4] and
Proposition (1.1.1) that if [F ] ∈ B, then sing[F ] ∈ X(4). By [Li1, Thm.4] the restriction of φ to B is simply
the singularity map
B
φ
−→ X(4)
[F ] 7→ sing[F ]
.
As is easily checked the image φ(B) is equal to the whole X(4), hence the Uhlenbeck stratification [FM]
becomes
(1.1.2) Imφ =Mlf4
∐
X(4).
1.2. The map φ˜.
Let φ˜ := φ ◦ π˜, where π˜:M˜4 →M4 is the desingularization of [O4, §2]. Let
Γd := {x ∈ Imφ˜| dim φ˜
−1(x) = d}.
(1.2.1) Proposition. Keep notation as above. The map φ˜ is semi-small, i.e.
cod(Γd, Imφ˜) ≥ 2d
for all d.
Roughly speaking the reason is that the non-degenerate two-form ω˜4 is in a ”stratified” sense the pull-
back of a two-form on Imφ˜ (strictly speaking this is nonsense because Imφ˜ is singular). More precisely: there
is a stratification
(1.2.2) X(4) =
∐
p
X(4)p
indicized by partitions of 4. If p = (p1, p2, p3, p4) is a partition, i.e.
4∑
i=1
ipi = 4, the stratum X
(4)
p parametrizes
cycles
γ =
p1∑
j=1
q1j + 2
p2∑
j=1
q2j + · · · ,
where the qij are pairwise distinct. Letting X
(s)
δ :=
(
X(s) \ diagonals
)
, we have an open inclusion
X(4)p ⊂ X
(p1)
δ ×X
(p2)
δ × · · · ,
in particular X
(4)
p is smooth. Let ω(s) ∈ Γ(Ω2
X
(s)
δ
) be the holomorphic two-form obtained from ω by sym-
metrization, and for a partition p, let ω
(4)
p be the two-form on X
(4)
p given by
ω(4)p :=
4∑
i=1
iπ∗i ω
(pi),
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where πi:X
(4)
p → X
(pi)
δ is the i-th projection. Stratification (1.2.2) gives a stratification of Imφ˜ = Imφ, in
which Mlf4 is the open stratum, and the X
(4)
p are the remaining strata. The stratified pull-back formula is
the following:
(1.2.3) ω˜4|φ˜−1X(4)p
= −
1
4π2
φ˜∗ω(4)p .
It is an immediate consequence of [O2,(2-9)].
Proof of Proposition (1.2.1). Equivalently, we must show that
(1.2.4) cod(φ˜−1Γd,M˜4) ≥ d.
Let V ⊂ φ˜−1Γd be an irreducible component. If V ∩M
lf
4 6= ∅, then d = 0 and there is nothing to prove. So
assume V ⊂ B = φ˜−1X(4). Then V ∩ φ˜−1X
(4)
p is dense in V for some partition p. Let y ∈ V be such that
V is smooth at y and the restriction φ˜:V → φ˜(V ) is submersive at y; it follows from (1.2.3) that
ω˜4
(
TyV, Tyφ˜
−1(φ˜(y))
)
≡ 0.
Thus ω˜4 induces a map
TyM˜4/TyV → Tyφ˜
−1(φ˜(y))∗,
which is surjective because ω˜4 is non-degenerate. Hence
cod(V,M˜4) = dim
(
TyM˜4/TyV
)
≥ dim Tyφ˜
−1(φ˜(y)) = d.
This proves (1.2.4). q.e.d.
Corollary. Let p = (p1, . . . , p4) be a partition of 4. If γ ∈ X
(4)
p , then
(1.2.5) dim φ˜−1(γ) ≤ 5−
4∑
i=1
pi.
Proof. The map
φ˜−1X(4)p
φ˜
−→ X(4)p
is a locally trivial fibration in the analytic topology, hence the fibers have a constant dimension, say d. Thus
X
(4)
p ⊂ Γd, so that
cod(Γd, Imφ˜) ≤ cod(X
(4)
p , Imφ˜).
By Proposition (1.2.1) we get
2 dim φ˜−1(γ) = 2d ≤ cod(X(4)p , Imφ˜).
Writing out the codimension on the right, one gets Inequality (1.2.5). q.e.d.
Let h0(M4,L⊗m) = N + 1, so that φ˜:M˜4 → PN .
(1.2.6) Corollary. Let Λ ⊂ PN be a linear subspace of codimension at most c. The map
Hq(M˜4;Z)→ H
q(φ˜−1Λ;Z)
induced by inclusion is an isomorphism for all q ≤ (9− c).
Proof. An immediate consequence of Proposition (1.2.1) and the (generalized) LHS Theorem [GM, p.150].
q.e.d.
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1.3. Choice of Λ.
We fix once and for all a smooth curve C ∈ |H |. Let θ be line bundle on C of degree one (i.e. half the
canonical degree); thus for [F ] ∈M4
(1.3.1) χ(F |C ⊗ θ) = 0.
There is a canonical section [FM,Li1] σθ of the determinant line-bundle L such that
supp(σθ) = {[F ] ∈ M4| h
0(F |C ⊗ θ) > 0}.
By (1.3.1) the right-hand side has codimension at most one in every component of M4, but a priori it
might contain a whole component. In any case there exists a linear subspace Λθ ⊂ P
N of codimension at
most one such that φ−1Λθ = supp(σθ). The moduli space of rank-two semistable vector-bundles on C with
trivial determinant has dimension three, hence a theorem of Raynaud [R] shows that if θ1, . . . , θ4 are generic
line-bundles of degree one, there is no semistable vector-bundle V with trivial determinant such that
h0(V ⊗ θi) > 0, i = 1, . . . , 4.
On the other hand, if V is a degree zero rank-two sheaf on C which is either singular or locally-free non-
semistable, then h0(V ⊗θ) > 0 for any choice of a degree-one line-bundle θ on C. So let θ1, . . . , θ4 be generic,
and set Λ := Λθ1 ∩ · · · ∩ Λθ4; then
(1.3.2) φ−1Λ = {[F ] ∈ M4| F |C is singular or locally-free non-semistable}.
Let ΣC , BC ⊂M4 be defined as
ΣC := {[F ] ∈ Σ| sing[F ] ∩ C 6= ∅} BC := {[F ] ∈ B| sing[F ] ∩ C 6= ∅},
where Σ ⊂ M4 is the locus parametrizing strictly semistable (i.e. non stable) sheaves. (Thus ΣC ⊂ BC .)
Let V 0C ⊂M4 be given by
V 0C := {[F ] ∈ M
lf
4 | F |C is not semistable},
and let VC be the closure of V
0
C . By Proposition (1.1.1) we can rewrite (1.3.2) as
φ−1Λ = VC ∪BC .
Let V˜C , B˜C ⊂ M˜4 be the proper transforms of VC and BC respectively, and set Σ˜C := π˜−1ΣC . The equality
above gives
φ˜−1Λ = V˜C ∪ Σ˜C ∪ B˜C ,
hence by Corollary (1.2.5) we get the following result.
(1.3.3) Proposition. The map
Hq(M˜4;Z)→ H
q(V˜C ∪ Σ˜C ∪ B˜C ;Z)
induced by inclusion is an isomorphism for q ≤ 5.
1.4. Elementary modifications.
Let [F ] ∈ V 0C , and let
(1.4.1) 0→ L→ F |C → L
−1 → 0
be the desemistabilizing sequence, i.e. L is a line bundle of degree d > 0. Let ι:C →֒ X be inclusion, and let
G be the elementary modification of F determined by (1.4.1), i.e. the sheaf fitting into the exact sequence
(1.4.2) 0→ G
α
→ F → ι∗L
−1 → 0.
Then G is locally-free of rank two, and c1(G) = −H , c2(G) = (4 − d). (First compute the Chern classes of
ι∗L
−1 by applying Grothendieck-Riemann-Roch to ι.)
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(1.4.3) Lemma. Keep notation as above. The vector-bundle G is slope-stable.
Proof. Assume G is not slope-stable. Since Pic(X) = Z[H ], there exists an injection OX(k) →֒ G with
k ≥ 0. Composing with α we get an injection OX(k) →֒ F , contradicting (Gieseker-Maruyama) semistability
of F . q.e.d.
(1.4.4) Corollary. Keeping notation as above, either d = 1 or d = 2.
Proof. By Serre duality h2(G∗ ⊗ G) = h0(G∗ ⊗ G). Since G is slope-stable h0(G∗ ⊗ G) = 1, hence
χ(G∗ ⊗G) ≤ 2. Hirzebruch-Riemann-Roch gives χ(G∗ ⊗G) = (4d− 6), thus d ≤ 2. q.e.d.
By the above corollary we have a decomposition into locally closed subsets
V 0C = V
0
C(1)
∐
V 0C(2),
where
V 0C(d) := {[F ] ∈ V
0
C | F |C → L
−1 → 0, L a degree-d line-bundle}.
We will describe V 0C(d) in terms of M(H, 4 − d), where M(H, 4 − d) is the moduli space of semistable
rank-two torsion-free sheaves on X with c1 = H , c2 = (4 − d). Let M(H, 4 − d)lf ⊂ M(H, 4 − d) be
the subset parametrizing locally-free sheaves. Keeping notation as above, let E := G(1); then c1(E) = H ,
c2(E) = (4 − d), so that by (1.4.3) [E] ∈ M(H, 4 − d)lf . In order to reconstruct F from E, we notice that
the bundle E|C comes with a canonical rank-one subsheaf: in fact the long exact sequence of Tor(·,OC)
associated to (1.4.2) gives
0→ L−1 ⊗OC(−C)
β
→ G|C → L→ 0,
and if we tensor the above sequence with OC(1) we obtain
(1.4.5) 0→ L−1 → E|C → L⊗KC → 0.
One recovers F from E and (1.4.5) as follows. First notice that F (−C) →֒ G, secondly that the restriction
to C of this inclusion has image equal to Imβ, thus we have an exact sequence
0→ F (−1)→ G→ ι∗L→ 0.
Tensoring with OX(1) we see that F is the elementary modification of E associated to (1.4.5). The following
result says that we can “invert” this construction.
(1.4.6) Lemma. Let d > 0, and let [E] ∈ Mlf (H, 4 − d). Assume E|C fits into Exact Sequence (1.4.5),
where L is a line-bundle with degL = d. Let F be the elementary modification of E associated to (1.4.5),
i.e. we have
(1.4.7) 0→ F
γ
→ E → ι∗(L ⊗KC)→ 0.
Then F is a rank-two slope-stable vector-bundle with c1(F ) = 0, c2(F ) = 4, and [F ] ∈ V 0C(d).
Proof. The Chern classes of F are easily computed from the exact sequence defining F . Furthermore,
applying the functor Tor(·,OC) to (1.4.7) we get Exact sequence (1.4.1), so all we have to prove is that F
is slope-stable. Suppose F is not slope-stable. Since Pic(X) = Z[H ], there is an injection OX(k) →֒ F , with
k ≥ 0. Composing with γ we get OX(k) →֒ E; since E is semistable we must have k = 0, i.e. we have a
non-zero section σ ∈ H0(E). The restriction of σ to C is a section of L−1, hence zero because deg(L−1) < 0.
Since C ∈ |OX(1)| the section σ gives rise to an injection OX(1) →֒ E, contradicting semistability of E.
q.e.d.
Let Ed be a tautological vector-bundle on X ×Mlf (H, 4 − d) (it exists by [M2,(A.7)]). Let QC(d) be
the relative quot-scheme of Ed|C×Mlf (H,4−d) over M
lf (H, 4− d) parametrizing quotients E|C → ξ, where ξ
is a rank-one sheaf of degree (2 + d), and let Q0C(d) ⊂ QC(d) be the open subset parametrizing locally-free
quotients. Lemmas (1.4.3)-(1.4.6) prove the following result.
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(1.4.8). There is an isomorphism betweenQ0C(d) and V
0
C(d), defined as follows: to a quotient E|C → L⊗KC,
where [E] ∈ M(H, 4− d)lf and L is a degree-d line-bundle, we associate the point [F ] ∈ V 0C(d), where F is
the locally-free sheaf fitting into the exact sequence
0→ F → E → ι∗L⊗KC → 0.
1.5. V 0C(2) is nowhere dense.
We will prove the following.
(1.5.1) Proposition. V 0C(1) is (open) dense in V
0
C .
The proof of the proposition will be given at the end of this subsection. First we describeM(H, 2). Let
U := TP2(−1); this a slope-stable rank-two vector-bundle on P
2 with c1(U) = c1(OP2(1)), c2(U) = 1. (That
it is slope-stable follows from the fact that U has sections with an isolated zero.) Let
ψ:X → |OX(1)|
∗ ∼= P2
be the two-to-one branched cover, and set W := ψ∗U .
(1.5.2) Lemma. Keeping notation as above,W is a slope-stable rank-two vector-bundle onX with c1(W ) =
H , c2(W ) = 2. We have
(1.5.3) W |C ∼= OC ⊕KC .
Furthermore M(H, 2) = [W ].
Proof. Let’s prove W is stable. Since U has sections with isolated zeroes, so does W , hence we have an
exact sequence
0→ OX →W → IZ(1)→ 0,
where Z ⊂ X is a zero-dimensional subscheme of length 2. Since Pic(X) = Z[H ], it follows that W is
slope-stable. Now let R := ψ(C), a line in P2. To prove (1.5.3) it suffices to verify that
U |R ∼= OR ⊕OR(1).
This follows immediately from the exact sequence
0→ TR → TP2 |R → NR/P2 → 0.
Let’s prove the last statement. Since the expected dimension ofM(H, 2) is zero, a result of Mukai [M2,(3.6)]
gives that M(H, 2) consists of a single point, hence M(H, 2) = [W ]. q.e.d.
(1.5.4) Corollary. Keeping notation as above, dimV 0C(2) = 5.
Proof. According to (1.4.8) we have an identification V 0C(2)
∼= Q0C(2). Thus we have a morphism
V 0C(2) → Pic
2(C)
(W |C → L⊗KC → 0) 7→ [L]
.
The fiber over [L] is the open subset of PH0(L⊗W |C) corresponding to sections with no zeroes. It follows
from (1.5.3) that
dimPH0(L⊗W |C) =
{
3 if L 6∼= KC ,
4 if L ∼= KC .
The corollary follows immediately. q.e.d.
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Proof of Proposition (1.5.1). By an argument similar to that proving Proposition (1.13) of [O3], one
shows that every irreducible component of V 0C has codimension at most g(C) + 1 = 3. Since M4 is of pure
dimension 10, every component of V 0C has dimension at least 7. The proposition follows from Corollary
(1.5.4).
1.6. Analysis of M(H, 3).
We are mainly interested in the restriction to C of vector-bundles parametrized by M(H, 3)lf : the key
results are stated in Propositions (1.6.4)-(1.6.6). By [M1] the moduli space M(H, 3) is smooth symplectic
of dimension 4, and by [O1] it is irreducible. Our first goal is to define a morphism
(1.6.1) ρ:M(H, 3)→ |OX(1)|.
(1.6.2) Lemma. If [E] ∈M(H, 3) then h0(E) = 2.
Proof. By Riemann-Roch χ(E) ≥ 2. By Serre duality h2(E) = dimHom(E,OX), hence stability gives
h2(E) = 0. Thus h0(E) ≥ 2. Let σ ∈ H0(E) be non-zero. We claim the quotient Q := E/OXσ is torsion-
free. Suppose Q has torsion: then σ must vanish on a divisor, and since Pic(X) = Z[H ] this implies we
have an injection IW (k) →֒ E, where k ≥ 1, and W ⊂ X is a zero-dimensional subscheme. This contradicts
semistability of E. Thus we have an exact sequence
0→ OX → E → IZ(1)→ 0,
where Z ⊂ X is a zero-dimensional subscheme of length c2(E) = 3. Since H ·H = 2, we have h0(IZ(1)) ≤ 1,
hence h0(E) ≤ 2. q.e.d.
In order to define ρ choose a basis {σ, τ} of h0(E). We claim σ ∧ τ 6≡ 0. Assume the contrary: then σ,
τ generate a rank-one subsheaf of E with two linearly independent global sections, i.e. a sheaf isomorphic to
IW (k), where k ≥ 1 and W ⊂ X is a zero-dimensional subscheme. This contradicts semistability of E. Thus
0 6= σ ∧ τ ∈ H0(detE) = H0(OX(1)).
We set
ρ([E]) := (σ ∧ τ) ∈ |OX(1)|.
(1.6.3) Lemma. For all D ∈ |OX(1)|, the fiber ρ−1D has pure dimension 2. In particular the map ρ is
surjective.
Proof. Since dimM(H, 3) = 4, every component of ρ−1D has dimension at least 2. It follows from [O2,(2-
9)] that the symplectic form on M(H, 3) is identically zero on ρ−1D, hence every component of ρ−1D has
dimension at most 2. q.e.d.
(1.6.4) Proposition. Let [E] ∈ M(H, 3)lf . Then E|C is not semistable if and only if ρ([E]) = C. In this
case
E|C ∼= ξ ⊕ (KC ⊗ ξ
−1),
where ξ is degree 3 line-bundle.
Proof. Assume ρ([E]) = C. Choose a basis {σ, τ} of H0(E), and consider the exact sequence
0→ O
(2)
X
(σ,τ)
−→ E → ι∗η → 0.
Restricting to C we get
(1.6.5) 0→ ξ → E|C → η → 0,
where ξ, η are rank-one sheaves. Thus ξ is locally-free of rank-one, and a Chern class computation gives
degξ = 3. Since C = (σ ∧ τ) is smooth, σ and τ have no zeroes in common, and this implies η is also locally-
free. Since det(E|C) ∼= KC , we have η ∼= ξ−1⊗KC . Exact Sequence (1.6.5) splits becauseH1(ξ⊗2⊗K
−1
C ) = 0.
Now suppose E|C is not semistable, and let (1.6.5) be the desemistabilizing sequence, i.e. η is a line-bundle
and d = degξ ≥ 2. Let F be the elementary modification of E defined by (1.6.5), i.e. we have
0→ F → E → ι∗η → 0.
Then rkF = 2, c1(F ) = 0 and c2(F ) = (3− d) ≤ 1. Arguing as in the proof of Lemma (1.4.3) we see that F
is slope-semistable. Since there are no slope-semistable rank-two vector-bundles on X with c1 = 0, c2 = 1
(see the proof of (1.1.1)), we conclude that c2(F ) = 0, hence F ∼= O
(2)
X . This means that ρ([E]) = C. q.e.d.
8
(1.6.6) Proposition. Let [E] ∈M(H, 3)lf . Assume D = ρ([E]) is not equal to C, and set D · C = p+ p′.
There is an exact sequence
(1.6.7) 0→ OC(p)→ E|C → OC(p
′)→ 0,
which is split if p 6= p′.
Proof. Choose a basis {σ, τ} of H0(E). Since σ(p), τ(p) are linearly dependent, there exists a non-trivial
linear combination λσ + µτ which is zero at p. Let
ǫ := (λσ + µτ)|C ∈ H
0(E|C).
Since ǫ vanishes at p, it defines a non-zero map OC(p) → E|C . By Proposition (1.6.4) the bundle E|C
is semistable, hence ǫ vanishes only at p and with multiplicity one. This gives Exact Sequence (1.6.7).
Reversing the roles of p and p′, we see that if p 6= p′ the sequence is split. q.e.d.
(1.6.8) Remark. The proof of Proposition (1.6.4) gives an isomorphism
ρ−1C
∼
→ Pic3(C)
[E] 7→ [ξ]
.
Obviously this holds also if we replace C by any smooth D ∈ |OX(1)|. For a general D, the fiber ρ−1D
is identified with the moduli space of rank-one torsion-free sheaves of degree 3 on D. The identification is
given by associating to [E] the subsheaf of E|D generated by H0(E).
1.7. Birational description of VC .
Let t ∈ QC(1), and let
E|C
f
→ ξ → 0
be the quotient represented by t: thus [E] ∈ M(H, 3)lf , and ξ is a rank-one sheaf on C of degree 3. Since
E|C is locally-free of degree 2, the kernel of f is a rank-one locally-free sheaf of degree (−1), say L−1. Thus
we can define a morphism
QC(1)
ϕ
−→ Pic1(C) ×M(H, 3)lf
t 7→ ([L], [E])
.
We let ϕ0 be the restriction of ϕ to Q0C(1). Clearly we have isomorphisms
ϕ−1([L], [E]) ∼=PH0(L⊗ E|C),(1.7.1)
ϕ−10 ([L], [E])
∼=P{σ ∈ H0(L⊗ E|C)| σ has no zeroes}.(1.7.2)
Let’s examine ϕ over the open subset U ⊂ Pic1(C) ×M(H, 3)lf consisting of couples ([L], [E]) such that
h0(L) = 0 and ρ([E]) intersects C in exactly two points. Set
PC :=ϕ
−1(U),
P 0C :=ϕ
−1
0 (U).
(1.7.3) Claim. Both PC and P
0
C are fibrations over U , the former with fibers P
1, the latter with fibers C∗.
In particular dimPC = dimP
0
C = 7.
Proof. Let ([L], [E]) ∈ U , and let ρ([E]) ∩C = {p, p′}. By (1.6.6)
E|C ∼=OC(p)⊕OC(p
′),(1.7.4)
H0(L⊗ E|C) =H
0(L(p))⊕H0(L(p′)).(1.7.5)
Since KC ∼ p+ p′, and since L 6∼= [p′], we see that h0(L(p)) = 1. Similarly h0(L(p′)) = 1, hence the space of
sections in (1.7.5) is two-dimensional. By (1.7.1) we conclude that the fibers of ϕ are isomorphic to P1. An
easy argument identifies PC with the projectivization of a direct image sheaf over U with fiber H0(L⊗E|C)
over the point ([L], [E]). This proves the result for ϕ. To finish the proof we remark that, since h0(L) = 0,
a section
σ = (σ1, σ2) ∈ H
0(L(p))⊕H0(L(p′))
has a zero if and only if σ1 = 0 or σ2 = 0. q.e.d.
The following result will allow us to forget about the complement of P 0C in Q
0
C(1).
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(1.7.6) Proposition. Keeping notation as above, P 0C is dense in Q
0
C(1).
Proof. This is a dimension count. Stratify the complement of U in Pic1(C) ×M(H, 3)lf according to the
dimension of the fibers of ϕ0 (see (1.7.2)). Using (1.6.4)-(1.6.6), one easily verifies that for each stratum S,
dimϕ−10 (S) < 7.
On the other hand (see the proof of (1.5.1)) every irreducible component of V 0C(1) has dimension at least 7.
By (1.4.8) Q0C(1)
∼= V 0C(1), hence the above inequality shows that ϕ
−1
0 (S) is not dense in any component of
Q0C(1). q.e.d.
Restricting the isomorphism Q0C(1)
∼
→ V 0C(1) to P
0
C , we get a map
ψ0:P
0
C → VC ,
which is an isomorphism onto its image. The following result is an immediate consequence of (1.5.1)
and (1.7.6).
(1.7.7) Corollary. The image ψ0(P
0
C) is dense in VC . In particular VC is irreducible of dimension 7.
1.8. Extension of ψ0.
We will extend ψ0 to a map
(1.8.1) ψ:PC → VC
Let t ∈ PC correspond to the quotient
E|C → ξ → 0,
and let F be the associated elementary modification, i.e. we have
0→ F → E → ι∗ξ → 0.
The sheaf F is torsion-free of rank two, with c1(F ) = 0, c2(F ) = 4. Since the family of quotient sheaves ξ
form a flat family over PC , the sheaves F fit together to give a shef F on X × PC , flat over PC . Let
NC := PC \ P
0
C .
(1.8.2) Claim. Let t ∈ NC , and let
F = F|X×{t}.
Then F is a strictly (Gieseker-Maruyama) semistable sheaf. More precisely there is an exact sequence
(1.8.3) 0→ IZ → F → IW → 0,
where Z,W ⊂ X are zero-dimensional subschemes of length 2, with Z 6=W .
Proof. Let ϕ(t) = ([L], [E]). By (1.6.6)
E|C ∼= OC(p)⊕OC(p
′),
where p 6= p′. We can assume (see the proof of (1.7.3)) that t corresponds to the quotient of the inclusion
L−1
α
→֒ OC(p) →֒ E|C .
The map α vanishes on a divisor Z ⊂ C of degree 2. There is a global section τ :OX → E which restricted
to C gives the non-zero section of OC(p) (see the proof of (1.6.6)), hence
τ(IZ )|C = Imα.
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Thus τ(IZ ) is a subsheaf of the elementary modification F , i.e. we have an exact sequence
0→ IZ → F → η → 0,
for some rank-one sheaf η. We claim η is torsion-free. First, a local computation shows that η is locally-
free at points of C. Secondly, since outside C the sheaves F and E are isomorphic, also η and E/Imτ are
isomorphic outside C. By slope-stability, the section τ has isolated zeroes, hence E/Imτ is torsion-free, and
we conclude that η is torsion-free outside C. Thus η ∼= IW (k) for some integer k. Since c1(F ) = 0, we have
k = 0, and since c2(F ) = 4 the length of W is 2. This proves F fits into Exact Sequence (1.8.3). Finally,
since η is locally-free on C, W does not intersect C. Since Z ⊂ C, we conclude Z 6=W . q.e.d.
By the above claim the sheaves F|X×{t} are semistable for all t ∈ PC , hence F induces a morphism
ψ:PC →M4, which is equal to ψ0 on P 0C . Since Imψ0 ⊂ VC , and VC is closed, we have Imψ ⊂ VC . Thus we
have defined the desired extension (1.8.1) of ψ0. By Claim (1.8.2) we have
ψ:PC → VC \ Ω,
where we recall that Ω parametrizes strictly semistable sheaves of the form IZ ⊕ IZ . Let’s show that ψ lifts
to a map
ψ˜:PC → V˜C .
Outside Ω the desingularization map π˜ is the blow-up of (Σ \ Ω). Since ψ−1(Σ) = NC , and since NC is
a divisor in the smooth variety PC , hence Cartier, ψ lifts to M˜4 by the universal property of blow-up.
Obviously ψ˜(PC) is contained in V˜C , and is dense in it. We choose a smooth projective completion V
′
C of
PC such that ψ˜ extends to a morphism
Ψ:V ′C → V˜C .
Summing up, we have proved the following result.
(1.8.4) Proposition. Keep notation as above. Then
1. Ψ:V ′C → V˜C is a birational morphism,
2. Ψ(PC) is dense in V˜C , in particular V˜C is irreducible,
3. Ψ(NC) ⊂ Σ˜C , in particular V˜C ∩ Σ˜C 6= ∅.
A key observation for the proof of h2,0(M˜4) = 1 is the following.
(1.8.5) Lemma. The restriction map
H0(Ω2V ′
C
)→ H0(Ω2NC )
is injective.
Proof. Let τ be a regular two-form on V ′C such that τ |NC ≡ 0; V
′
C is birational to P
1×Pic1(C)×M(H, 3),
hence there exists a regular two-form ǫ on Pic1(C)×M(H, 3) such that
τ |PC = ϕ
∗ǫ.
Since the restriction of ϕ to NC is a two-to-one covering of Pic
1(C)×M(H, 3)lf , we get that ǫ is identically
zero on Pic1(C)×M(H, 3)lf . But M(H, 3)lf is dense in M(H, 3), hence ǫ ≡ 0. Thus τ ≡ 0. q.e.d.
1.9. Analysis of B˜C and Σ˜C .
Consider the restriction of the determinant map φ (see (1.1)) to B:
B
φ|B
−→ X(4)
[F ] 7→ sing[F ].
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Let X
(4)
(4) ⊂ X
(4) be the open stratum of Stratification (1.2.2), i.e. the partition is (4) := (4, 0, 0, 0). Set
B0 :=φ−1X
(4)
(4) ,
Σ0 :=Σ ∩B0.
(1.9.1) Lemma. The map φ|B0 :B
0 → X
(4)
(4) is a P
1-fibration in the analytic topology. In particular B0 is
smooth of dimension 9. Furthermore Σ0 is a smooth divisor in B0.
Proof. Let γ ∈ X
(4)
(4) , so γ = q1 + · · · + q4, where the qj are pairwise distinct. Let Quot(O
(2)
X , γ) be the
quot-scheme parametrizing quotients
0→ F → O
(2)
X →
4⊕
j=1
Cqj → 0.
Thus
Quot(O
(2)
X , γ)
∼= P1 ×P1 ×P1 ×P1.
Every sheaf parametrized by φ−1γ is isomorphic to the kernel F of some quotient in Quot(O
(2)
X , γ). The
group PAut(O
(2)
X )
∼= PGL(2) acts on this quot-scheme: this is the diagonal action on P1 × · · · ×P1. As is
easily verified semistability of a sheaf is equivalent to semistability of the corresponding point in P1×· · ·×P1
with respect to the symmetric linearization. Hence
φ−1γ = P1 ×P1 ×P1 ×P1//PGL(2) ∼= P1,
so that the fibers of φ|B0 are P
1’s. It is clear that φ|B0 is locally trivial in the analytic topology. Finally,
let γ ∈ X
(4)
(4) ; since φ
−1γ ∩ Σ consists of the three points representing strictly semistable orbits, Σ ∩B0 is a
smooth divisor in B0. q.e.d.
Let
VC :={γ ∈ X
(4)
(4) | #γ ∩ C = 1},
B0C :=φ
−1VC .
Clearly B0C ⊂ BC .
(1.9.2) Corollary.
1. The map φ|B0
C
:B0C → VC is a P
1-fibration, locally trivial in the analytic topolgy.
2. B0C is a smooth irreducible locally closed codimension one subset of B
0. In particular dimB0C = 8.
3. Σ0 and B0C intersect transversely (inside B
0), and the intersection is given by
Σ0C := {[IZ ⊕ IW ]| Z, W reduced disjoint, #Z ∩ C = 1, W ∩ C = ∅}.
Proof. Item (1) follows from Lemma (1.9.1). Items (2)-(3) are easily verified. q.e.d.
Let B˜0C ⊂ M˜4 be the strict transform of B
0
C ; clearly B˜
0
C ⊂ B˜C .
(1.9.3) Proposition.
1. B˜0C is open dense in B˜C .
2. The map B˜0C
φ˜
→ VC is a P1-fibration, locally trivial in the analytic topology.
3. B˜0C is smooth irreducible of dimension 8.
Proof. Let’s prove Item (1). First we claim that every irreducible component of B˜C has dimension at least
8. This is equivalent to showing that every component of BC has dimension at least 8. Let
X
(4)
C := {γ ∈ X
(4)| suppγ ∩ C 6= ∅},
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so that
(1.9.4). BC = (φ|B)
−1
X
(4)
C
Since X(4) is the Quotient of a smooth variety by a finite group, X
(4)
C is aQ-Cartier divisor in X
(4); by (1.9.4)
every component of BC has codimension at most one in B, and this proves our claim. Now consider the
stratification of X
(4)
C induced by Stratification (1.2.2). If Sp ⊂ X
(4)
C is the stratum indicized by the partition
p = (p1, . . . , p4), then by Corollary (1.2.5)
dim φ˜−1Sp ≤ dimSp + 5−
4∑
j=1
pj.
Since dimSp = (2
4∑
i=1
pi − 1), we get
dim φ˜−1Sp ≤
4∑
i=1
pi + 4.
The quantity on the right is strictly less than 8, unless p = (4) (in which case it equals 8). Thus φ˜−1S(4) is
dense in B˜C . Since VC is dense in S(4), this proves Item (1). To prove Item (2) notice that B
0
C does not
intersect Ω, hence B˜0C is the blow-up of B
0
C at the (scheme-theoretic) intersection B
0
C ∩ Σ. By Item (3) of
Corollary (1.9.2) the intersection is a Cartier divisor, hence B˜0C
∼= B0C . Thus Item (2) follows from Item (1)
of Corollary (1.9.2). Item (3) follows at once from Item (2). q.e.d.
Similar results hold for Σ˜C .
(1.9.5) Proposition. Σ˜C is irreducible of dimension 8.
Proof. Consider Kirwan’s desingularization π̂:M̂4 → M4 (see [O4,(1.8)]), and let Σ̂C := π̂−1ΣC . Let
α:M̂4 → M˜4 be the contraction along Ω̂ defined in [O4,(2)]. Since Σ˜C = α(Σ̂C), it suffices to prove Σ̂C is
irreducible of dimension 8. Letting Σ̂ := π̂−1Σ, it follows from [O4,(1.7)] that Σ̂ is a P1-fibration over
ΣR//PGL(N) = BlΩ(Σ).
Since the inverse image of ΣC under the blow-up BlΩ(Σ) → Σ is irreducible of dimension 7, we conclude
that Σ̂C is irreducible of dimension 8. q.e.d.
Let Σ˜0C := π˜
−1Σ0C . The following result is an immediate consequence of Proposition (1.9.5).
(1.9.6) Corollary. Σ˜0C is a smooth open dense subset of Σ˜C .
Let SC := Σ˜
0
C ∩ B˜
0
C .
(1.9.7) Proposition. SC is a section of the P
1-fibration Σ˜0C → Σ
0
C .
Proof. This is an immediate consequence of Item (3) of Corollary (1.9.2). q.e.d.
Let Σ′C be a desingularization of Σ˜C . Since by (1.9.6), Σ˜
0
C is a smooth open subset of Σ˜C , we can
think Σ˜0C ⊂ Σ
′
C , hence also SC ⊂ Σ
′
C . The following immediate consequence of Proposition (1.9.7) will be
important in the proof that h2,0(M˜4) = 1.
(1.9.8) Corollary. Keeping notation as above, the restriction map
H0(Ω2Σ′
C
)→ H0(Ω2SC )
is injective.
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1.10. Proof that b0(M˜4) = h2,0(M˜4) = 1.
Let’s prove M˜4 is connected. By Proposition (1.3.3) it suffices to show that
(1.10.1) V˜C ∪ Σ˜C ∪ B˜C
is connected. Each of V˜C , Σ˜C , B˜C is irreducible, by (1.8.4), (1.9.5), and (1.9.3) respectively. By Propo-
sition (1.8.4) V˜C ∩ Σ˜C 6= ∅, and clearly Σ˜C ∩ B˜C 6= ∅. Thus (1.10.1) is connected. Now we prove that
h2,0(M˜4) = 1. Let
Ψ:V ′C → V˜C
be as in (1.8.4), and let
f : Σ′C → Σ˜C g:B
′
C → B˜C
be desingularizations of Σ˜C , B˜C respectively. By Proposition (1.3.3) the map
(1.10.2)
H2,0(M˜4) → H2,0(V ′C)⊕H
2,0(Σ′C)⊕H
2,0(B′C)
[τ ] 7→ (Ψ∗[τ ], f∗[τ ], g∗[τ ])
is injective. We claim that also g∗ is injective. So let τ be a two-form on M˜4, and assume that g
∗τ ≡ 0. If
SC is as in (1.9.7), then
f∗τ |SC ≡ g
∗τ |SC ≡ 0.
By Corollary (1.9.8) we conclude that f∗τ ≡ 0. Letting NC ⊂ PC be as in (1.8.4), it follows from f∗τ ≡ 0
that Ψ∗τ |NC ≡ 0. Thus Lemma (1.8.5) gives that Ψ
∗τ ≡ 0. By injectivity of (1.10.2) we get that τ ≡ 0.
This proves g∗ is injective. We claim that h2,0(B′C) = 1. In fact, by Proposition (1.9.3) there is a rational
dominant map
B′C · · · > X
[3]
with generic fiber isomorphic to P1, and since h2,0(X [3]) = 1 it follows that h2,0(B′C) = 1. Since g
∗ is
injective we get that h2,0(M˜4) ≤ 1. But we know h2,0(M˜4) ≥ 1, hence h2,0(M˜4) = 1.
2. M˜4 is simply-connected.
We will show that M˜4 is birational to an open subset J of the Jacobian fibration parametrizing (stable)
degree-six line-bundles on curves in |OX(2)|. This implies that π1(J ) surjects onto π1(M˜4), hence it will
suffice to show that J is simply connected. The latter result is proved by a monodromy argument.
2.1. The Jacobian fibration.
Let C ⊂ |OX(2)| be a reduced irreducible curve, ι:C →֒ X be inclusion, and L a degree-six line-bundle on
C. We let N be Simpson’s moduli space [LP2,S] of pure one-dimensional sheaves ξ on X , stable with respect
to OX(1), with
χ(ξ(n)) = χ(ι∗L(n)).
Thus [ι∗L] is a typical point of N . There is a morphism
(2.1.1)
N
ρ
−→ |OX(2)| ∼= P
5
ξ 7→ suppξ.
By results of Mukai [M1] we know that N is smooth of dimension 10. We will be interested in a certain open
subset of N defined as follows. First, let U ⊂ |OX(2)| be the open subset parametrizing reduced curves. The
following result is a straightforward application of the definition of stability according to Simpson [LP2,S].
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(2.1.2) Lemma. Let [C] ∈ U , and let L be a line-bundle on C such that:
1. if C is irreducible, the degree of L is 6,
2. if C = C1 ∪ C2 and Li := L|Ci, the degree of Li is 3.
Then ι∗L is a stable pure one-dimensional sheaf on X .
(2.1.3) Definition. Let J ⊂ N be the open set parametrizing sheaves ι∗L, where [C] ∈ U , ι:C →֒ X is
inclusion, and L is a line-bundle on C satisfying the hypotheses of Lemma (2.1.2). We will often denote by
(C,L) the point [ι∗L] ∈ J .
Since J is open in N , the results of Mukai mentioned above give the following.
(2.1.4) Proposition. J is smooth of dimension 10.
2.2. M˜4 is birational to J .
Notice that if (C,L) ∈ J , then χ(L) = 2, hence h0(L) ≥ 2. Let
J 0 := {(C,L) ∈ J | C is smooth, h0(L) = 2 and L is globally generated}.
As is easily verified J 0 is open and dense in J . Let (C,L) ∈ J 0. Following Lazarsfeld [La] we will
associate to (C,L) a stable rank-two vector-bundle on X with c1 = 0, c2 = 4; this construction will define
an isomorphism between J 0 and an open subset of M˜4. Since L is globally generated, the evaluation map
H0(L)⊗OX → ι∗L is surjective: let E be the sheaf on X fitting into the exact sequence
(2.2.1) 0→ E
ǫ
→ H0(L)⊗OX → ι∗L→ 0.
(2.2.2) Lemma. Keeping notation as above, E is a slope-stable rank-two vector bundle on X with Chern
classes c1(E) = −2H , c2(F ) = 6.
Proof. The Chern classes are easily computed from (2.2.1). To show stability, consider the exact sequence
(2.2.3) 0→ L−1 → H0(L)⊗OC → L→ 0.
By (2.2.1) we have
(2.2.4) Im(ǫ|C) = L
−1.
Now suppose E is not stable: since Pic(X) = Z[H ] there is an injection of sheaves OX(k)
α
→֒ E, where
k ≥ −1. By (2.2.4)
(ǫ ◦ α)|C ∈ H
0(L−1(−k)).
Since degL = 6, we have degL−1(−k) ≤ −2. Thus ǫ ◦ α vanishes on C, i.e.
ǫ ◦ α ∈ H0(O
(2)
X (−k)(−C)) = H
0(O
(2)
X (−k − 2)).
Since k ≥ −1, this last group is zero, contradiction. q.e.d.
Set F := E(1); by the above lemma F is a slope-stable rank-two vector-bundle on X with c1(F ) = 0,
c2(F ) = 4. Thus we can define Φ
0:J 0 →M4 by setting
J 0
Φ0
−→ M4
(C,L) 7→ [F ].
We will identify an open subset M04 of M4 such that Φ
0 is an isomorphism onto M04. Let [F ] ∈ M
lf
4 ,
and set G = F (1). Then c1(G) = 2H , c2(G) = 6; by Riemann-Roch we get χ(G) = 2. By Serre duality
h2(G) = h0(G∗), hence stability gives h2(G) = 0. Thus h0(G) ≥ 2, therefore the locus where h0(G) = 2 is
open in M4. If h0(G) = 2, consider the evaluation map
H0(G) ⊗OX
f
→ G.
Since G is slope-stable and Pic(X) = Z[H ], the determinant of f is not identically zero, so (detf) ∈ |OX(2)|.
We set
M04 := {[F ] ∈ M
lf
4 | h
0(F (1)) = 2 and (detf) is smooth}.
Clearly M04 is open in M4.
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(2.2.5) Proposition. The map Φ0 is an isomorphism onto M04.
Proof. Let’s show Φ0(J 0) ⊂M04. Tensoring (2.2.1) by OX(2) and observing that G = E(2), we get
(2.2.6) 0→ G→ OX(2)
(2) → ι∗L(2)→ 0.
The long exact sequence of Tor(·,OC) associated to (2.2.6) gives
0→ L→ G|C → L
−1(2)→ 0.
From (2.2.6) we get a natural injection β:OX(2)(2)(−C) →֒ G, and Im(β|C) = L. Thus we have an exact
sequence
(2.2.7) 0→ O
(2)
X
γ
→ G→ ι∗L
−1(2)→ 0.
By adjunction OC(2) ∼= KC , hence Serre duality gives h0(L−1(2)) = h1(L). By hypothesis h0(L) = χ(L),
hence h1(L) = 0. Thus the cohomology long exact sequence of (2.2.7) gives h0(G) = 2. Furthermore the
map γ drops rank along C, which is smooth, hence [F ] ∈M04. Now we define an inverse
(Φ0)−1:M04 → J
0.
Let [F ] ∈M04, and set G = F (1). Since [F ] ∈M
0
4, we have an exact sequence
(2.2.8) 0→ H0(G)⊗OX
f
→ G→ ι∗ξ → 0,
where (detf) ∈ |OX(2)| is smooth: set C := (detf). Since C is smooth, the map f is nowhere zero, hence ξ
is a line-bundle on C: we can write ξ = L−1 ⊗KC , where L is a line-bundle. By a Chern class computation
one gets degL = 6. Since h0(G) = 2, the cohomology long exact sequence of (2.2.8) gives h0(L−1⊗KC) = 0.
Thus h1(L) = 0, so that h0(L) = 2. Furthermore, the long exact sequence of Tor(·,OC) associated to (2.2.8)
gives
0→ L→ G|C → L
−1 ⊗KC → 0.
Since (Imf)|C = L, the line-bundle L is generated by global sections. We have proved (C,L) ∈ J 0. As is
easily verified the map
M04 → J
0
[F ] → (C,L)
is the inverse of Φ0. q.e.d.
We can view Φ0 as a map to M˜4, because M04 is in the stable locus of M4. Since M˜4 is irreducible,
Proposition (2.2.5) implies that Φ0 extends to a birational map
Φ:J · · · > M˜4.
Let I(Φ) ⊂ J be the indeterminacy locus of Φ. By Proposition (2.1.4) J is smooth, hence I(Φ) has
codimension at least two and the map induced by inclusion
π1(J \ I(Φ))→ π1(J )
is an isomorphism. On the other hand, since Φ is a birational map and M˜4 is smooth, the map
π1(J \ I(Φ))→ π1(M˜4)
is surjective. Thus we have proved the following result.
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(2.2.9) Proposition. The map Φ induces a surjection π1(J )→ π1(M˜4).
2.3. J is simply-connected.
Let f :X → |OX(1)|
∗ ∼= P2 be the two-to-one cover, and let B ⊂ P2 be the (sextic) branch curve. Let V ⊂ U
be the open subset parametrizing smooth curves C ∈ |OX(2)|. Then
(2.3.1) V = U \ (∆ ∩ Λ),
where
∆ :={C ∈ |OX(2)| | f(C) is a smooth conic tangent to B},
Λ :={C ∈ |OX(2)| | f(C) is a singular reduced conic}.
Let ρ:J → U be the canonical map (2.1.1), and set JV := ρ−1V . By Proposition (2.1.4) J is smooth, hence
the map
j#:π1(JV )→ π1(J )
induced by inclusion j:JV →֒ J is surjective. We will show j# is trivial: this will prove J is simply-
connecetd. The map JV → V is a fibration with fibers 5-dimensional Jacobians. The homotopy exact
sequence of a fibration gives an exact sequence
π1(Jac(C))→ π1(JV )→ π1(V )→ {1},
where C ∈ |OX(2)| is a fixed smooth curve.
(2.3.2) Lemma. Keeping notation as above, the restriction of j# to π1(Jac(C)) is trivial.
Proof. We have an isomorphism π1(Jac(C)) ∼= H1(C;Z). As is easily seen the vanishing cycles on C for
the family of curves parametrized by V generate all of H1(C;Z). Since j# is trivial on vanishing cycles, the
lemma follows. q.e.d.
By the above lemma, j# induces a surjective homomorphism j#:π1(V ) → π1(J ). We will finish the
proof by showing that j# is trivial. This is a consequence of the following easy result.
(2.3.3) Lemma. Let D ⊂ C be a disc centered at 0, and let ψ:D →֒ U be a (holomorphic) embedding such
that:
1. ψ(D0) ⊂ V , where D0 := D \ {0},
2. ψ(0) is a smooth point of ∆ (or Λ), and D intersects ∆ (respectively Λ) transversely. Then, after
shrinking D, we can assume there exists a lift ψ˜:D → J of ψ.
Proof. Let q: C → D be the family of curves in |OX(2)| parametrized by D. By Item (2) the analytic surface
C is smooth. Shrinking D we can assume there exists a line-bundle L on C such that for each t ∈ D, the
couple (q−1t,L|q−1t) satisfies the hypotheses of Lemma (2.1.2). By the modular property of J the couple
(C,L) induces a morphism ψ˜:D → J lifting ψ. q.e.d.
To finish the proof that j# is trivial, let R ⊂ U | be a straight line (notice that |OX(2)| \ U has
codimension 3) transverse to ∆ and Λ. The map induced by inclusion
π1(R \ (∆ ∪ Λ))→ π1(V )
is a surjection by Bertini’s Theorem [GM, p.151]. The fundamental group on the left is generated by π1(D
0
xi),
where R ∩ (∆ ∪ Λ) = {x1, . . . , xk}, and D0xi ⊂ (R \ (∆ ∪ Λ)) is a small punctured disc centered at xi. By
Lemma (2.3.3) the map j# is trivial on each π1(D
0
xi). This shows j# is trivial, and concludes the proof that
J is simply-connecetd.
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3. Proof that b2(M˜4) ≥ 24.
Let φ:M4 → P
N be the determinant map (1.1). Composing Donaldson’s map µ:H2(X ;Q)→ H
2(φ(M4);Q)
(see [FM,Mo]) with pull-back by φ, we get
φ∗µ:H2(X ;Q)→ H
2(M4;Q).
This map is an injection, because by [FM,Mo]
(3.1)
∫
M4
∧10(φ∗µ(α)) =
10!
5!25
(∫
X
∧2α
)5
.
Consider the boundary divisor B ⊂ M4 (see (1.1)). By Lemma (1.9.1) B contains P1’s contracted by φ.
Hence, if h ∈ H2(M4) is the class of a hyperplane, Qh and φ∗µ(H2(X ;Q)) span a 23-dimensional subspace
of H2(M4). Now we pull back by π˜:M˜4 →M4.
(3.2) Claim. Keep notation as above. Then
dim (Qπ˜∗h+ π˜∗φ∗µ(H2(X ;Q))) = 23.
Proof. The subspace π˜∗φ∗µ(H2(X ;Q)) has dimension 22 by (3.1). If P˜
1 ⊂ M˜4 is the proper transform of
a P1 ⊂ B contracted by φ, then
〈π˜∗h, P˜1〉 6= 0, 〈π˜∗φ∗µ(H2(X ;Q)), P˜
1〉 = 0.
Thus Qπ˜∗h is not contained in π˜∗φ∗µ(H2(X ;Q)). q.e.d.
Finally let’s show that Qc1(Σ˜) and Qπ˜
∗h + π˜∗φ∗µ(H2(X ;Q)) span a 24-dimensional subspace of
H2(M˜4;Q). Let Σ˜Z,W ⊂ M˜4 be the fiber of π˜ over [IZ ⊕ IW ], where Z 6=W . By [O4, (2.3.1)] Σ˜Z,W ∼= P1,
and by [O4,(2.3.2)]
〈c1(Σ˜), Σ˜Z,W 〉 = −2, 〈Qπ˜
∗h⊕ π˜∗φ∗µ(H2(X ;Q)), Σ˜Z,W 〉 = 0.
Thus Qc1(Σ˜) is not contained in Qπ˜
∗h+ π˜∗φ∗µ(H2(X ;Q)). By Claim (3.2) we conclude that
dim
(
Qc1(Σ˜) +Qπ˜
∗h+ π˜∗φ∗µ(H2(X ;Q))
)
= 24.
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